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Abstract. We present a theory of parameterized dynamic logic, namely
DLp, for specifying and reasoning about general program models based
on their transitional behaviours. Different from most dynamic-logic the-
ories that deal with regular expressions or a particular type of models,
DLp introduces a labelled system in which symbolic executions of general
programs can be fully captured and derived. Our deduction approach is
a cyclic one, tailored from previous work onto DLp, in order to deal
with potentially infinite derivations arose from symbolic executions of
loop programs. The soundness of DLp is formally analyzed and partially
proved. We give an example of instantiations of DLp in particular do-
mains, showing the usage and potential of DLp in practice. The cyclic
proof system of DLp is mechanized in Coq.
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1 Introduction

Background and Motivations. Dynamic logic [16] is an extension of modal
logic for reasoning about programs. Here, the term ‘program’ can mean an ab-
stract formal model, not necessarily an explicit computer program. In dynamic
logic, a program α is embedded into a modality [·] in a form of [α]ϕ, mean-
ing that after all executions of α, formula ϕ holds. Formula ϕ → [α]ψ exactly
captures partial correctness of programs expressed by triple {ϕ}α{ψ} in Hoare
logic [18]. With a dynamic form [α]ϕ that mixes both programs and formulas,
dynamic logic allows multiple modalities in a single formula, allowing express-
ing many complex program properties such as [α]⟨β⟩ϕ and [α]ψ → ⟨β⟩ϕ, which
cannot be directly captured in traditional Hoare logic. As one of popular logical
formalisms, dynamic logic has been applied for many types of programs, such as
process algebras [5], programming languages [4], synchronous systems [35], hy-
brid systems [27] and probabilistic systems [25]. Because of modality ⟨·⟩, it is a
natural candidate for unifying correctness and ‘incorrectness’ reasoning recently
proposed and developed in work e.g. [24].

The programs of dynamic logics are usually (tailored) regular expressions
with tests (e.g. [11,27]) or actual programming languages like Java [4]. The
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denotational semantics of these models is usually compositional, in the sense
that the deductions of the logics mean to dissolve the syntactic structures of
these models. For example, in propositional dynamic logic (PDL) [11], to prove
a formula [α ∪ β]ϕ, we prove both formulas [α]ϕ and [β]ϕ, where α and β are
sub-regular-expressions of α∪β. This so-called ‘divide-and-conquer’ approach to
program verification has brought numerous benefits, the most significant being
its ability to scale verifications.

However, this typical we call structure-based reasoning heavily relies on pro-
grams’ denotational semantics, thus brings two major drawbacks: (1) Firstly, the
program models of a dynamic logic are usually in particular forms. Thus if ap-
plying the dynamic logic to a new type of programs, one needs to either perform
a transformation from target programs into the programs of the dynamic logic so
that existing inference rules can be utilized, or carefully design a set of particular
rules to adapt the new programs’ semantics. The former usually means losses
of partial program structural information during the transformations, while the
latter often demands a large amount of work. For example, Verifiable C [2],
a famous program verifier for C programming language based on Hoare logic,
used nearly 40,000 lines of Coq code to define the logic theory. (2) Secondly but
importantly as well, some programs are naturally non-compositional or do not
temporally provide a compositional semantics at some level of system design.
Typical examples are neural networks [14], automata-based system models (e.g.
a transition model of AADL [33]) and some programming languages (such as
synchronous imperative programming languages Esterel [6] and Quartz [13]).
For these models, one can only re-formalize their structures by additional trans-
formation procedures so that structure-based reasoning is possible.

Recent years, there is a trend to unify different types of program models into
a single logical framework by reasoning directly based on programs’ transitional
behaviours [29,30,31,9,22,20,17], which can in large scale compensate for the
above two shortcomings. To our best knowledge, up to now there is only a few
study (see Section 6 for a comparison) for dynamic-logic theories.

In this paper, we present a theory of parameterized dynamic logic (DLp) to
support a general approach for program verification in the framework based on
dynamic logic. DLp offers an abstract-leveled setting for describing a rich set of
programs and formulas, and is empowered to support a symbolic-execution-based
reasoning based on a set of program transitional behaviours (simply “program
behaviours” below). This, on one hand, reduces the burden of developing different
dynamic-logic theories for different programs; on the other, it saves the additional
transformations in the derivations of non-compositional programs.

Illustration of Main Idea. Informally, in dynamic formula [α]ϕ we treat
program α and formula ϕ as ‘parameters’ that can be of arbitrary forms, and
adopt a structure σ called “program configuration” to record current program
status for programs’ symbolic executions. So, a DLp dynamic formula is of the
form: σ : [α]ϕ, following a convention of labeled formulas [10].

To see how we can benefit from deriving a DLp formula, consider a simple
example. We prove a formula ϕ1 =df (x ≥ 0 → [x := x+ 1]x > 0) in first-order



Title Suppressed Due to Excessive Length 3

dynamic logic [15] (FODL), where x is a variable ranging over the set of integer
numbers. Intuitively, ϕ1 means that if x ≥ 0 holds, then x > 0 holds after the
execution of the assignment x := x+1. In FODL, to derive formula ϕ1, we apply

the structural rule:
ϕ[x/e]

[x := e]ϕ
(x:=e) for assignment on formula [x := x+ 1]x > 0

by substituting x of x > 0 with x + 1, and obtain x + 1 > 0. Formula ϕ1 thus
becomes ϕ′1 =df (x ≥ 0 → x + 1 > 0), which is true for any integer number
x ∈ Z.

While in DLp, formula ϕ1 can be expressed as a form: ψ1 =df (t ≥ 0 → {x 7→
t} : [x := x+1]x > 0), where formula [x := x+1]x > 0 is labeled by configuration
{x 7→ t}, capturing the current program status with t a free variable, meaning
“variable x has value t”. With a configuration explicitly showing up, to derive
formula ψ1, we instead directly perform a program transition of x := x + 1 as:
(x := x + 1, {x 7→ t}) −→ (↓, {x 7→ t + 1}), which assign x’s value with its
current value added by 1. Here ↓ indicates a program termination. Formula ψ1

thus becomes ψ′
1 =df (t ≥ 0 → {x 7→ t + 1} : x > 0), by ignoring the dynamic

part ‘[↓]’ since ↓ behaves nothing. By applying configuration {x 7→ t + 1} on
formula x > 0 (which means replacing variable x of x > 0 with its value t+1 in
{x 7→ t+ 1}), we obtain the same valid formula ϕ′1: t ≥ 0 → t+ 1 > 0 (modulo
the free variables x, t).

For many programs, transitions like (x := x+1, {x 7→ t}) −→ (↓, {x 7→ t+1})
are natural from their operational semantics and can be easily formalized, while
structural rules like (x := e) would consume more efforts to design. And there
might exists no structural rules in certain cases, as in Esterel programs illustrated
in our online report [34].

Main Contributions. In this paper, after defining the logic, we propose a
cyclic proof system for DLp based on program behaviours. Cyclic proof approach
(cf. [8]) provides a solution for reasoning about programs with explicit/implicit
loop structures in DLp formulas. Generally, it is a technique to ensure that a
certain type of infinite proof trees can lead to a valid conclusion if it meets some
certain conditions.

The main contributions of this paper are three folds: (1) We define the syntax
and semantics of DLp formulas. (2) We build a proof system for reasoning about
DLp formulas based on program behaviours. (3) We construct a sound cyclic
preproof structure for DLp and analyzes its soundness.

The rest of the paper is organized as follows. Section 2 defines the syntax
and semantics of DLp formulas. In Section 3, we propose a cyclic proof system
for DLp. In Section 4, we give an example of cyclic deductions of DLp formulas.
Section 5 analyzes the soundness of DLp. Section 6 introduces related work.

2 Dynamic Logic DLp

In this section, we firstly introduce the basic settings for the ingredients of DLp;
then we introduce the notion of program behaviours; lastly we formally define
the syntax and semantics of DLp formulas.
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Programs, Configurations and Formulas. The construction of DLp is
based on a set TA of terms defined over a set Var of variables and a set Σ of
signatures. In TA, we distinguish three subsets Prog,Conf and Form, repre-
senting the sets of programs, configurations and formulas respectively. TA ⊇
Prog∪Conf ∪Form. We use ≡ to represent the identical equivalence between
two terms in TA. A function f : TA → TA is called structural (w.r.t. Σ)
if it satisfies that for any n−ary signature sn ∈ Σ (n ≥ 0, 0−ary signature
is a constant) and term sn(t1, ..., tn) with t1, ..., tn ∈ TA, f(sn(t1, ..., tn)) ≡
sn(f1(t1), ..., fn(tn)) for some structural functions f1, ..., fn : TA → TA. Natu-
rally, we assume that a structural function always maps a term to a term with
the same type: Prog,Conf and Form.

In Prog, there is one distinguished program ↓, called termination. It indicates
a completion of executions of a program.

Program configurations have impacts on formulas. We assume that Conf is
associated with a function I : (Conf × Form) → Form, called configuration
interpretation, that returns a formula by applying a configuration on a formula.

An evaluation ρ : TA → TA is a structural function that maps each formula
ϕ ∈ Form to a proposition — a special formula that has a boolean semantics
of either truth (represented as 1) or falsehood (represented as 0). We denote
the set of all propositions as Prop. Prop ⊆ Form. The boolean semantics of
formulas is expressed by function T : Prop → {0, 1}. Prop forms the semantical
domain as the basis for defining DLp. An evaluation ρ ∈ Eval satisfies a formula
ϕ ∈ Form, denoted by ρ |=T ϕ, if T(ρ(ϕ)) = 1. A formula ϕ ∈ Form is valid,
denoted by |=T ϕ, if ρ |=T ϕ for all ρ ∈ Eval.

Example 1 (An Instantiation of Program Structures). Consider a While program
WP as an example of an instantiation of structures Prog,Conf and I:

WP =df {while (n > 0) do s := s+ n ; n := n− 1 end }.

Given an initial value of variables n, program WP computes the sum from n
to 1 stored in variable s. A configuration σWP of WP is of the form: {x1 7→
e1, x2 7→ e2, ..., xn 7→ en} (n ≥ 0) as a variable storage that maps a variable
xi to a unique value of arithmetic expression ei (1 ≤ i ≤ n). For example,
{n 7→ 5, s 7→ 0} denotes a configuration that maps n to 5 and s to 0. Formu-
las in this particular domain are first-order arithmetical formulas over integer
numbers, with propositions are those “closed formulas” without free variables.
The interpretation IWP(σ, ϕ) is defined as a a substitution that replaces each
free variable x of formula ϕ with its value-expression stored in σ. For instance,
we have IWP({n 7→ 5, s 7→ 0}, n > 0) = (5 > 0), which is true in the theory of
integer numbers. An evaluation ρWP maps each variable to an integer number.
ρWP(t) given a term t is defined in the usual sense that it replaces each free
variable x of term t with an integer number ρWP(x).

A formal definition of While programs is illustrated in Appendix B of [34].
Program Behaviours. A program state is a pair (α, σ) ∈ Prog×Conf of

programs and configurations. In Form, we assume a binary relation (α, σ) −→
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(α′, σ′) called a program transition between two program states (α, σ) and (α′, σ′).
For any evaluation ρ ∈ Eval, proposition ρ((α, σ) −→ (α′, σ′)) is assumed to be
defined as: ρ((α, σ) −→ (α′, σ′)) =df ρ(α, σ) −→ ρ(α′, σ′). Program behaviours,
denoted by Λ, is the set of all true program transitions:

Λ =df {(α, σ) −→ (α′, σ′) | T((α, σ) −→ (α′, σ′)) = 1},

which is assumed to be well-defined in the sense that there is no true transitions
of the form: (↓, σ) −→ ... from a terminal program.

A path tr over Λ is a finite or infinite sequence: s1s2...sn... (n ≥ 1), where for
each pair (si, si+1) (i ≥ 1), (si −→ si+1) ∈ Λ is a true program transition. A path
is terminal, if it ends with program ↓ in the form of (α1, σ1)...(↓, σn) (n ≥ 1). We
call a path minimum, in the sense that in it there is no two identical program
states. A state s is called terminal, if from s there is a terminal path over Λ.

In order to reason about termination of a program, in Form we assume
a unary operator (α, σ) ⇓ called the termination of a program state (α, σ).
For an evaluation ρ ∈ Eval, proposition ρ((α, σ) ⇓) is defined as: ρ((α, σ) ⇓
) =df (ρ(α, σ)) ⇓. T((α, σ) ⇓) =df 1 if there exists a terminal path over Λ
starting from (α, σ). We use Ω to denote the set of all true program terminations:
Ω =df {(α, σ) ⇓ | T((α, σ) ⇓) = 1}.

For programming languages, usually, program behaviours Λ (also program
terminations Ω) are defined as structural operational semantics [28] of Plotkin’s
style expressed as a set of rules, in a manner that a transition T((α, σ) −→
(α′, σ′)) = 1 only when it can be inferred according to these rules in a finite
number of steps.

Example 2 (Examples of Program Behaviours). In Example 1, we have a pro-
gram transition (WP, {n 7→ 5, s 7→ 0}) −→ (WP′, {n 7→ 5, s 7→ 5}), where
WP′ =df n := n − 1 ; WP, by executing assignment s := s + n. This tran-
sition is also a program behaviour, since it matches the operational semantics
of s := s + n (not shown in this paper, one can refer to Appendix B of [34]).
However, transition (WP, {n 7→ v, s 7→ 0}) −→ (WP′, {n 7→ v, s 7→ 5}) is not a
proposition, because its truth value depends on whether v > 0 is true.

Syntax and Semantics of DLp. Based on the assumed sets Prog,Conf
and Form, we give the syntax of DLp as follows.

Definition 1 (DLp Formulas). A parameterized dynamic logical (DLp) for-
mula ϕ is defined as follows in BNF form:

ψ =df F | ¬ψ | ψ ∧ ψ | [α]ψ,
ϕ =df F | σ : ψ | ¬ϕ | ϕ ∧ ϕ,

where F ∈ Form, α ∈ Prog and σ ∈ Conf .
We denote the set of DLp formulas as DLp.

σ and ϕ are called the label and the unlabeled part of formula σ : ϕ respec-
tively. We call [α] the dynamic part of a formula, and call a DLp formula having
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dynamic parts a dynamic formula. Intuitively, formula [α]ϕ means that after all
executions of program α, formula ϕ holds. ⟨·⟩ is the dual operator of [·]. Formula
⟨α⟩ϕ can be written as ¬[α]¬ϕ. Other formulas with logical connectives such as
∨ and → can be expressed by formulas with ¬ and ∧ accordingly. Formula σ : ϕ
means that ϕ holds under configuration σ, as σ has an impact on the semantics
of formulas as indicated by interpretation I.

The semantics of a traditional dynamic logic is based on a Kripke struc-
ture [16], in which programs are interpreted as a set of world pairs and logical
formulas are interpreted as a set of worlds. In DLp, we define the semantics by
extending ρ and T to formulas DLp and directly base on program behaviours
Λ.

Definition 2 (Semantics of DLp Formulas). An evaluation ρ ∈ Eval struc-
turally maps a DLp formula ϕ into a proposition, whose truth value is defined
inductively as follows by extending T:

1. T(ρ(F )) is already defined, if F ∈ Form;
2. T(ρ(σ : F )) =df 1, if F ∈ Form and ρ |=T I(σ, F );
3. T(ρ(σ : ¬ϕ)) =df T(ρ(¬(σ : ϕ)));
4. T(ρ(σ : ϕ1 ∧ ϕ2)) =df T(ρ((σ : ϕ1) ∧ (σ : ϕ2)));
5. T(ρ(σ : [α]ϕ)) =df 1, if for all terminal paths (α1, σ1)...(↓, σn) (n ≥ 1) over

Λ with (α1, σ1) ≡ ρ(α, σ), T(ρ(σn : ϕ)) = 1;
6. T(ρ(¬ϕ)) =df 1, if T(ρ(ϕ)) = 0;
7. T(ρ(ϕ1 ∧ ϕ2)) =df 1, if both T(ρ(ϕ1)) = 1 and T(ρ(ϕ2)) = 1;
8. T(ρ(ϕ)) =df 0 for any ϕ ∈ DLp, otherwise.

For any ϕ ∈ DLp, write ρ |=T ϕ if T(ρ(ϕ)) = 1, or simply ρ |= ϕ.

Notice that in Definition 2 we do not specify ρ(ϕ) for a DLp formula ϕ due
to its generality. We only assume that ρ is structural.

According to the semantics of operator ⟨·⟩, we have that T(ρ(⟨α⟩ϕ)) = 1 iff
there exists a terminal path (α1, σ1)...(↓, σn) (n ≥ 1) over Λ with (α1, σ1) ≡
ρ(α, σ) such that T(ρ(σn : ϕ)) = 1.

A DLp formula ϕ is called valid, if ρ |= ϕ for all evaluation ρ ∈ Eval.

Example 3 (DLp Specifications). A property of program WP (Example 1) is
described as the following formula

v ≥ 0 → σ1 : [WP]s = ((v + 1)v)/2,

where σ1 =df {n 7→ v, s 7→ 0} with v a free variable. This formula means that
given an initial value v ≥ 0, after executing WP, s equals to ((v+1)v)/2, which
is the sum of 1 + 2 + ...+ v. We will prove this formula in Section 4.

3 A Cyclic Proof System for DLp

We propose a cyclic proof system for DLp. In Section 3.1, we firstly propose a
proof system PDLP to support reasoning based on program behaviours. Then
in Section 3.2 we construct a cyclic preproof structure for PDLP, which support
deriving infinite proof trees under certain soundness conditions.
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Γ ⇒ (x := e, σ) −→ (↓, σx
σ∗(e)),∆

(x:=e)
Γ ⇒ (α1, σ) −→ (α′

1, σ
′),∆

Γ ⇒ (α1;α2, σ) −→ (α′
1;α2, σ

′),∆
(;)

Γ ⇒ (α1, σ) −→ (↓, σ′),∆

Γ ⇒ (α1;α2, σ) −→ (α2, σ
′),∆

(;↓)
Γ, IWP(σ, ϕ) ⇒ (α, σ) −→ (α′, σ′),∆ Γ ⇒ IWP(σ, ϕ),∆

Γ ⇒ (while ϕ do α end, σ) −→ (α′; while ϕ do α end, σ′),∆
(wh1)

Γ, IWP(σ, ϕ) ⇒ (α, σ) −→ (↓, σ′),∆ Γ ⇒ IWP(σ, ϕ),∆

Γ ⇒ (while ϕ do α end, σ) −→ (while ϕ do α end, σ′),∆
(wh1↓)

Γ ⇒ ¬IWP(σ, ϕ),∆

Γ ⇒ (while ϕ do α end, σ) −→ (↓, σ),∆
(wh2)

Table 1. Partial Inference Rules for Program Behaviours of While programs

3.1 A Proof System for DLp

Sequent Calculus. We adopt sequents [12] as the basic deduction structure to
carry logical formulas. A sequent is of the form: Γ ⇒ ∆, which expresses the
formula

∧
ϕ∈Γ ϕ→

∨
ψ∈∆ ψ, meaning that if all formulas in Γ hold, then one of

formulas in ∆ holds.
The Proof System. The proof system PDLP of DLp relies on a pre-defined

proof system PΛ,Ω for deriving program behaviours Λ and terminations Ω. PΛ,Ω
is sound and complete w.r.t. Λ and Ω in the sense that for any transition
(α1, σ1) −→ (α2, σ2) ∈ Prop and termination (α, σ) ⇓ ∈ Prop, (α1, σ1) −→
(α2, σ2) ∈ Λ iff ⊢PΛ,Ω

· ⇒ (α1, σ1) −→ (α2, σ2), and (α, σ) ⇓ ∈ Ω iff ⊢PΛ,Ω
· ⇒

(α, σ) ⇓.
Note that in PDLP, we usually assume that a formula does not contain a

program transition or termination.

Example 4. As an example, Table 1 displays a part of inference rules of the
proof system PΛWP,ΩWP for the program behaviours ΛWP of While programs.
σxe represents a configuration that store variable x as value e, while storing other
variables as the same value as σ. σ∗(e) is defined to return a term obtained by
replacing each free variable x of e by the value of x in σ. See Appendix B of
report [34] for a formal definition and for a proof system for program terminations
ΩWP of While programs.

Table 2 lists the primitive rules of PDLP. Through PDLP, a DLp formula
can be transformed into proof obligations as non-dynamic formulas, which can
then be encoded and verified accordingly through, for example, an SAT/SMT
checking procedure.

In Table 2 we use a double-lined inference form:
ϕ1 ... ϕn

ϕ
to represent

both rules
Γ ⇒ ϕ1, ∆ ... Γ ⇒ ϕn, ∆

Γ ⇒ ϕ,∆
and

Γ, ϕ1 ⇒ ∆ ... Γ, ϕn ⇒ ∆

Γ, ϕ⇒ ∆
, pro-

vided any contexts Γ and ∆.
Target Pairs. In each rule of Table 2 except rule (Sub), we call a conclusion-

premise (CP) pair (τ, τ ′) of formulas that are not in Γ and ∆ a target pair of the
rule. For instance, (σ : [α]ϕ, σ′ : [α′]ϕ) is the target pair of rule ([α]2), (¬ϕ, ϕ) is
the target pair of rule (¬R).
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{Γ ⇒ σ′ : [α′]ϕ,∆}(α′,σ′)∈Φ

Γ ⇒ σ : [α]ϕ,∆
1 ([α]), where Φ =df {(α′, σ′) | ⊢PΛ,Ω (Γ ⇒ (α, σ) −→ (α′, σ′),∆)}

Γ, σ′ : [α′]ϕ⇒ ∆

Γ, σ : [α]ϕ⇒ ∆
1 ([α]2), if ⊢PΛ,Ω (Γ ⇒ (α, σ) −→ (α′, σ′),∆)

Γ ⇒ ∆
2 (Ter) I(σ, ϕ)

σ : ϕ
3 (Int)

σ : ϕ

σ : [↓]ϕ
([↓])

Γ ⇒ ∆
Sub(Γ ) ⇒ Sub(∆)

4 (Sub)
¬(σ : ϕ)

σ : (¬ϕ)
(σ¬)

(σ : ϕ) ∧ (σ : ψ)

σ : (ϕ ∧ ψ)
(σ∧)

Γ, ϕ⇒ ϕ,∆
(ax) Γ ⇒ ϕ,∆ Γ, ϕ⇒ ∆

Γ ⇒ ∆
(Cut) Γ ⇒ ∆

Γ, ϕ⇒ ∆
(Wk L) Γ ⇒ ∆

Γ ⇒ ϕ,∆
(Wk R)

ϕ, ϕ

ϕ
(Con)

Γ ⇒ ϕ,∆

Γ,¬ϕ⇒ ∆
(¬L)

Γ, ϕ⇒ ∆

Γ ⇒ ¬ϕ,∆
(¬R)

Γ, ϕ, ψ ⇒ ∆

Γ, ϕ ∧ ψ ⇒ ∆
(∧L)

Γ ⇒ ϕ,∆ Γ ⇒ ψ,∆

Γ ⇒ ϕ ∧ ψ,∆
(∧R)

1 α ̸≡↓. 2 for each ϕ in Γ or ∆, ϕ ∈ Form; Γ ⇒ ∆ is valid. 3 ϕ ∈ Form. 4 Sub is by Definition 3.

Table 2. Primitive Rules of Proof System PDLP

Illustration of each rule is as follows.
Rule ([α]) and rule ([α]2) ([34] displays its equivalent rule (⟨α⟩)) deal with

dynamic parts of DLp formulas based on program transitions. Both rules rely on
the sub-proof-procedures of system PΛ,Ω . In rule ([α]), {...}(α′,σ′)∈Φ represents
the collection of premises for all program states (α′, σ′) ∈ Φ. Notice that we
assume that the system PΛ,Ω only derives a finite set of transitions from (α, σ)
(which is mostly the case in practice). So Φ is finite, and rule ([α]) only has a finite
number of premises. When Φ is empty, the conclusion terminates. Intuitively, rule
([α]) says that to to derive [α]ϕ under configuration σ, we derive [α′]ϕ under
configuration σ′ for each transition from (α, σ) to (α′, σ′). Compared to rule
([α]), rule ([α]2) has only one premise for some (α′, σ′). Intuitively, it says that
if [α]ϕ holds under configuration σ and if there is a transition (α, σ) −→ (α′, σ′),
then we have [α′]ϕ holds under σ′.

In rule (Ter), formula Γ =⇒ ∆ is a non-dynamic formula. The introduction
rule (Int) eliminates the label σ during the derivation. Rule ([↓]) deals with the
situation when the program is a termination ↓. Its soundness is straightforward
by the well-definedness of program behaviours Λ (Section 2).

Rule (Sub) describes a specialization process (from premise to conclusion)
for DLp formulas. For a set A of formulas, Sub(A) =df {Sub(ϕ) | ϕ ∈ A}, with
Sub a function defined as follows in Definition 3. Intuitively, if formula Γ ⇒ ∆ is
valid, then its one of special cases Sub(Γ ) ⇒ Sub(∆) through an abstract version
of substitutions Sub on formulas is valid. Rule (Sub) plays an important role in
constructing a bud in a cyclic preproof structure (Section 3.2). See Section 4 as
an example.

Definition 3 (Substitution). A structural function η : TA → TA is called a
‘substitution’, if for any evaluation ρ ∈ Eval, there exists a ρ′ ∈ Eval such that
ρ(η(ϕ)) ≡ ρ′(ϕ) for each formula ϕ ∈ DLp.
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Rules (σ¬) and (σ∧) are for transforming labeled formulas. Their soundness
are direct according to the semantics of labeled formulas (Definition 2). From
rule (ax) to (σ∧R) are the rules inherited from traditional first-order logic. The
meanings of these rules are classic and are omitted in this paper.

The soundness of the rules in PDLP is stated as follows.

Theorem 1. All rules in PDLP (Table 2) are sound.

Following the above explanations, Theorem 1 can be proved directly accord-
ing to the semantics of DLp. See Appendix A of report [34] for more details.

3.2 Construction of A Cyclic Preproof Structure in PDLP

In the proof system PDLP, given a sequent Γ ⇒ ∆, we expect a finite proof
tree to prove Γ ⇒ ∆. However, a branch of a proof tree does not always ter-
minate. Because the process of symbolically executing a program via rule ([α])
or/and rule ([α]2) might not stop. This is well known when a program has an
explicit/implicit loop structure that may run infinitely. For example, a while pro-
gram W =df while true do x := x+1 end will proceed infinitely as the following
transitions: (W, {x 7→ 0}) −→ (W, {x 7→ 1}) −→ ....

In this paper, we apply the cyclic proof approach (cf. [8]) to deal with a
potential infinite proof tree in DLp. Cyclic proof is a technique to ensure a valid
conclusion of a special type of infinite proof trees, called ‘preproof’, under some
certain conditions called “soundness conditions”. Below we firstly introduce a
preproof structure, then based on it we propose a ‘cyclic’ preproof — a structure
that satisfies certain soundness conditions. Section 5 will explain why cyclic
preproof can be sound.

Preproof & Derivation Traces. A preproof (cf. [8]) is an infinite proof
tree expressed as a tree structure with finite nodes, in which there exist non-
terminal leaf nodes, called buds. Each bud is identical to one of its ancestors in
the tree. The ancestor identical to a bud N is called a companion of N .

A derivation path in a preproof is an infinite sequence of nodes ν1ν2...νm...
(m ≥ 1) starting from the root node ν1 of the preproof, where for each node pair
(νi, νi+1) (i ≥ 1), νi is the conclusion and νi+1 is a premise, of a rule.

A derivation trace over a derivation path µ1µ2...µkν1ν2...νm... (k ≥ 0,m ≥ 1)
is an infinite sequence τ1τ2...τm... of formulas starting from formula τ1 in node ν1
such that each pair (τi, τi+1) (i ≥ 1) is either (1) a target pair of a rule in Table 2
(except rule (Sub)); (2) or a pair (Sub(ϕ), ϕ) of rule (Sub) for some formula ϕ;
(3) or a CP pair of a rule satisfying τi ≡ τi+1 in Table 2.

Progressive Steps. A crucial prerequisite of defining cyclic preproofs is to
introduce the notion of (progressive) derivation traces in a preproof of PDLP.

Definition 4 (Progressive Step/Progressive Derivation Trace in DLp).
In a preproof of PDLP, given a derivation trace τ1τ2...τm... over a derivation
path ...ν1ν2...νm... (m ≥ 1) starting from τ1 in node ν1, a formula pair (τi, τi+1)
(1 ≤ i ≤ m) over (νi, νi+1) is called a “progressive step”, if (τi, τi+1) is either (1)
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a target pair of an instance of rule ([α]); (2) Or the target pair of an instance of
rule ([α]2), provided with an additional condition that ⊢PΛ,Ω

(Γ ⇒ (α′, σ′) ⇓, ∆).
If a derivation trace has an infinite number of progressive steps, we say that

the trace is ‘progressive’.

The additional condition of the instance of rule ([α]2) is the key to prove the
corresponding case in Lemma 1 of [34].

Cyclic Preproofs. We build a sound cyclic preproof structure as the fol-
lowing definition.

Definition 5 (A Cyclic Preproof for DLp). In PDLP, a preproof is a ‘cyclic’
one, if there exists a progressive trace over every derivation path.

Theorem 2 (Soundness of the Cyclic Preproof for DLp). Provided that
PΛ,Ω is sound, a cyclic preproof of PDLP has a sound conclusion.

Theorem 2 will be analyzed in Section 5.
Since DLp is not a specific logic, it is impossible to discuss about its decid-

ability, completeness or whether it is cut-free without any restrictions on sets
Prog,Conf and Form. One of our future work will focus on analyzing under
what restrictions, these properties can be obtained in a general sense.

4 Case Study: A Cyclic Deduction for While Programs

We give an example to show how a DLp formula can be derived according to rules
in Table 2. We prove the property given in Example 3, stated as the following
sequent

ν1 =df · ⇒ v ≥ 0 → σ1 : [WP](s = ((v + 1)v)/2).

Table 3 shows the derivation. We omit all sub-proof-procedures in the proof
system PΛWP,ΩWP derived by the inference rules in Table 1 when deriving via
rule ([α]). We write term t(x) if x is a variable that has free occurrences in
t. Non-primitive rules (→ R) and (∨L) can be derived by the rules for ¬
and ∧ accordingly. The derivation from sequent 2 to 3 is according to rule

Γ ⇒ ∆
Γ [e/x] ⇒ ∆[e/x]

(Sub)
,

where function (·)[e/x] is an instantiation of abstract

substitution defined in Definition 3. Informally, for any formula ϕ, ϕ[e/x] sub-
stitutes each free variable x of ϕ with term e. We observe that sequent 2 can be
writen as:

(v −m ≥ 0)[0/m] ⇒ (σ3(v) : [WP]ϕ1)[0/m],

as a special case of sequent 3. Intuitively, sequent 3 captures the situation after
the mth loop (m ≥ 0) of program WP. This step is crucial as starting from
sequent 3, we can find a bud node — 18 — that is identical to node 3. The
derivation from sequent 3 to {4, 5} provides a lemma: v −m > 0 ∨ v −m ≤ 0,
which is obvious valid. Sequent 16 indicates the end of the (m + 1)th loop of
program WP. From node 12 to 16, we rewrite the formulas on the left side into



Title Suppressed Due to Excessive Length 11

19
(Ter)

4
(WkR)

18
17

(WkL)

16
(Sub)

13
(WkL) 15

14
(WkR)

12
(Cut)

11
([α])

6
([α])

10
(Ter)

9
(Int)

8
([↓])

7
([α])

5
(∨L)

3
(Cut)

2
(Sub)

ν1: 1
(→)

Definitions of other symbols:
WP =df {while (n > 0) do s := s+ n ; n := n− 1 end }
ϕ1 =df (s = ((v + 1)v)/2)
σ1(v) =df {n 7→ v, s 7→ 0}
σ2(v) =df {n 7→ v, s 7→ 0}
σ3(v) =df {n 7→ v −m, s 7→ (2v −m+ 1)m/2}
σ4(v) =df {n 7→ v −m, s 7→ (2v − (m+ 1) + 1)(m+ 1)/2}
σ5(v) =df {n 7→ v − (m+ 1), s 7→ (2v − (m+ 1) + 1)(m+ 1)/2}

1: · ⇒ v ≥ 0 → σ1(v) : [WP]ϕ1

2: v ≥ 0 ⇒ σ1(v) : [WP]ϕ1

3: v −m ≥ 0 ⇒ σ3(v) : [WP]ϕ1

4: v −m ≥ 0 ⇒ σ3(v) : [WP]ϕ1, v −m > 0 ∨ v −m ≤ 0
19: v −m ≥ 0 ⇒ v −m > 0 ∨ v −m ≤ 0

5: v −m ≥ 0, v −m > 0 ∨ v −m ≤ 0 ⇒ σ3(v) : [WP]ϕ1

6: v −m ≥ 0, v −m > 0 ⇒ σ3(v) : [WP]ϕ1

11: v −m ≥ 0, v −m > 0 ⇒ σ4(v) : [n := n− 1 ;WP]ϕ1

12: v −m ≥ 0, v −m > 0 ⇒ σ5(v) : [WP]ϕ1

13:
{
v −m ≥ 0, v −m > 0,
v − (m+ 1) ≥ −1, v − (m+ 1) ≥ 0

}
⇒ σ5(v) : [WP]ϕ1

16: v − (m+ 1) ≥ −1, v − (m+ 1) ≥ 0 ⇒ σ5(v) : [WP]ϕ1

17: v −m ≥ −1, v −m ≥ 0 ⇒ σ3(v) : [WP]ϕ1

18: v −m ≥ 0 ⇒ σ3(v) : [WP]ϕ1

14: v −m ≥ 0, v −m > 0 ⇒ σ5(v) : [WP]ϕ1, v − (m+ 1) ≥ −1, v − (m+ 1) ≥ 0
15: v −m ≥ 0, v −m > 0 ⇒ v − (m+ 1) ≥ −1, v − (m+ 1) ≥ 0

7: v −m ≥ 0, v −m ≤ 0 ⇒ σ3(v) : [WP]ϕ1

8: v −m ≥ 0, v −m ≤ 0 ⇒ σ3(v) : [↓]ϕ1

9: v −m ≥ 0, v −m ≤ 0 ⇒ σ3(v) : (s = ((v + 1)v)/2)
10: v −m ≥ 0, v −m ≤ 0 ⇒ ((2v −m+ 1)m)/2 = ((v + 1)v)/2)

Table 3. Derivations of Property ν1

an obvious logical equivalent form in order to apply rule (Sub). From sequent 16
to 17 rule (Sub) is applied, with 16 can be written as:

(v −m ≥ −1)[m+ 1/m], (v −m ≥ 0)[m+ 1/m] ⇒ (σ3 : [WP]ϕ1)[m+ 1/m].

The whole proof tree is a cyclic preproof because the only derivation path:
1, 2, 3, 5, 6, 11, 12, 13, 16, 17, 18, 3, ... has a progressive derivation trace whose ele-
ments are underlined in Table 3.

Unlike traditional verifications of dynamic logic and Hoare logic, the deriva-
tions shown in Table 3 rely solely on the symbolic executions of while programs.
In this approach, verifying a while loop reduces to selecting an appropriate con-
figuration using rule (Sub). This eliminates the need for a dedicated rule to
dissolve the while structure, as is typically required in classical Hoare logic.

Mechanization of DLp. To further demonstrate its applicability we mech-
anize the theory of DLp in Coq. We adopt the so-called “deep embedding” and
currently have implemented the syntactic structure of DLp as Coq objects and
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managed to perform the deduction of each rule in proof system PDLP. The source
code can be found in [1]. The semantics of DLp and the soundness of DLp has
not been validated in Coq yet, which we attribute to one of our future work.

5 Soundness Analysis of Cyclic Proof System PDLP

In this section, we analyze the soundness of the cyclic proof system PDLP as
stated as Theorem 2. By following a similar idea behind [7], we manage to prove
the soundness for formulas in which the target formula σ : [α]ϕ has only a single
dynamic part [α]. This case, however, already encompasses the full expressive-
ness of Hoare logic and is adequate for most practical applications of program
verifications. Below we illustrate the main idea of the proof using the example
given in Section 4. A complete proof can be found in [34].

Well-foundedness. Given a set S and a partial-order relation ⪯ on S, ⪯
is called a well-founded relation over S, if for any element a in S, there is no
infinite descent sequence: a ≻ a1 ≻ a2 ≻ ... in S. Set S is called a well-founded
set w.r.t. ⪯.

Main Idea of Soundness Proof. We look for a type of well-founded sets
under some partial-order relation ⪯ which are related to the truth values of
dynamic formulas. For any dynamic formula τ , let its corresponding well-founded
set be C(τ). This type of well-founded sets satisfies that for any pair (τ, τ ′)
of a derivation trace in a derivation of DLp formulas using rules in Table 2,
we have C(τ) ⪰ C(τ ′); Moreover, if the derivation from τ to τ ′ is progressive
(Definition 4), then C(τ) ≻ C(τ ′). This property is stated as Lemma 1 of [34].

The proof is conducted by contradiction. If the conclusion of a cyclic preproof
is invalid, then there exists an invalid derivation path in which each node is
invalid, and by Definition 5, there exists a progressive trace: τ1τ2...τn over the
tail of the derivation path. By the property above, we can then obtain a sequence
of well-founded sets: C(τ1) ⪰ C(τ2) ⪰ ... ⪰ C(τn) ⪰ ..., in which due to the
progressiveness of the derivation trace there are an infinite number of relation
≻ among these ⪰s. This violates the well-foundedness itself introduce above.

Illustrations in Our Example. In the example of While programs shown
in this paper, given a formula σ : [α]ϕ, for any evaluation ρ, we consider a
“counter-example” set CT(ρ, σ : [α]ϕ) defined as the set of minimum paths of α
that make σ : [α]ϕ invalid, which is formally defined as follows:

CT(ρ, σ : [α]ϕ) =df {ρ(α, σ)...(↓, σ′) | ρ |= Γ, ρ ̸|= σ′ : ϕ}.

Set CT(ρ, σ : [α]ϕ) for any while program α is always finite. A relation ⪯m
between two sets CT1 and CT2 is defined such that CT1 ⪯ CT2 if each path of
CT1 is a suffix of a path in CT2. And it is easy to prove that ⪯m is well-founded.

In the derivation shown in Section 4, if we assume the conclusion ν1 is invalid,
then by the soundness of each rule of Table 2, we can obtain (the only) one invalid
derivation path: 1, 2, 3, 6, 11, 12, 13, 16, 17, 18, 1, ..., in which the derivation
trace underlined in Table 2 is progressive. Starting from an evaluation ρ0 that
makes node 1 invalid, for each pair (τ, τ ′) of the derivation trace, we can prove
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that CT(ρ, τ) ⪰ CT(ρ′, τ ′) for some ρ and ρ′. Especially, if the rule is ([α]), e.g.,
the pair over nodes (11, 12), we can prove that CT(ρ, τ) ≻ CT(ρ′, τ ′), because
each path of CT(ρ′, τ ′), according to the meaning of rule ([α]), turns out to be
a proper suffix of a path of CT(ρ, τ). This progressive derivation trace leads to
the contradiction of the well-foundedness of relation ⪯m.

In the proof given in [34], more restrictions on programs are needed to obtain
a finite well-founded set C. One can find more details of the proof in [34].

6 Related Work

Previous work such as [29,30,31,9] in last decade addressed reasoning based
on program behaviours using theories based on rewriting logic [21]. Matching
logic [29] describes reachability between patterns, where a reachability rule φ⇒
φ′ captures whether a pattern φ′ is reachable from another pattern φ in a given
pattern reachability system. Based on matching logic, one-path and all-paths
reachability logics [30,31] were developed by enhancing the expressive power of
the reachability rule. A more powerful matching µ-logic [9] was proposed by
adding a least fixpoint µ-binder to matching logic.

Compared to these theories, the forms of dynamic logical formulas allow a
direct description (without further encoding) of program properties, provided
with the support of a proof system for efficiently deriving modalities. In terms
of expressiveness, the semantics of modality [·] in dynamic logic cannot be fully
captured by matching logic and one-path reachability logic, if the programs are
non-deterministic.

[22] and [20] proposed a type of general program verification frameworks
based on coinduction. A specification like σ : [α]ϕ in DLp was captured by a more
general structure over mathematical sets. The deduction of a specification was
realized through deductions over set relations, making use of a type of fixpoint
theories over sets. While set theory may permit greater generality, logical forms
like [α]ϕ offer a clearer separation between programs and properties, and enables
a more structured and manageable deduction process. In terms of expressiveness,
the meaning of modality ⟨·⟩ in DLp cannot be directly expressed in the framework
of [22].

The structure ‘updates’ adopted in work [26,3,4] are “delay substitutions” of
variables and terms. It is a special case of the configurations in DLp, if we take
a configuration as a meta variable without explicit structures.

Cyclic proof approach firstly arose in [32] and was later developed in different
logics [8,7]. [19] proposed a complete cyclic proof system for µ-calculus, which
subsumes PDL [11] in its expressiveness. In [10], the authors proposed a complete
labelled cyclic proof system for PDL. Both µ-calculus and PDL, as mentioned in
Section 1, are logics designed for dissolving regular expressions as their program
models. The labelled form of DLp formula are alike in [10], but of a more general
meaning and can be of arbitrary terms.

There has been some other work for generalizing the theories of dynamic
logics, such as [23,17]. However, none of them allow general structures as in
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DLp, nor adopt a similar approach for reasoning about programs. The logic
proposed in [23], though for a general structure of monads, is still in explicit
forms, thus is different from the design philosophy of DLp. [17] modifies PDL
by generalizing regular expressions as arbitrary programs. However, there the
program behaviours are captured by pure program transitions with abstract
actions, e.g. α a−→ α′. And yet no proof systems have been proposed and analyzed
for the logic.

7 Conclusion & Future Work

As a summery, we claim that the theory of DLp hopefully will become a candidate
for unifying different dynamic-logic theories, to provide a convenient framework
for reasoning based on symbolic executions directly. This is particularly im-
portant and has potentially many applications, as most of computer programs
have operational semantics in their nature. Although an independent structure
not built upon any other logical theories, DLp actually provides a promising
method for fast-prototyping program-verification infrastructures in general the-
orem provers like Coq or Isabelle. More investigations on this issue will be carried
out in future.
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