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Abstract

We study a phenomenon called “image reflection” on a type of characteriza-
tion graphs — LLEE charts — for 1-free regular expressions modulo bisim-
ularity. This property, stating that the images of a bisimulation function
from an LLEE chart actually impose a special LEE structure corresponding
to the LLEE chart, is recognized by our proposed “well-structured looping-
back charts” as a sub-LLEE-structure of LLEE charts. As an application,
our study naturally leads to a novel proof for the completeness of the infer-
ence system BBP for 1-free regular expressions, due to the correspondence
between 1-free regular expressions and the provable solutions of LEE/LLEE
charts. Compared to the previous approach, our proof is more direct in the
sense that it does not rely on a graph transformation procedure on LLEE
charts in which at each step two bisimilar nodes have to be carefully se-
lected and merged together according to selection rules. Our observation on
LLEE charts is useful to understand the completeness problems of regular
expressions modulo bisimilarity from a new angle, and can be also helpful
for solving the completeness problems of other expressions that share similar
graph structures.

Keywords: 1-Free Regular Expressions, Process Graphs, Process
Semantics, Bisimulation, Axiomatization, Completeness

1. Introduction

Regular expressions, proposed by Kleene [I], are a formal language con-
sisting of elements a (actions), 0 (deadlock), 1 (skip) and their compositions
e1+ es (non-deterministic choice), ey - es (sequence) and e* (iterations). The
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original star operator was a binary one: e; * e (meaning iterating e; for fi-
nite times and then executing e,, or iterating e; infinitely). Later Copi et
al. in their work [2] proposed to use the unary operator e* instead of e; *es.
Regular expressions have many applications in computer science. Especially,
as a formalism embedded in dynamic logics [3] and Kleene algebra with tests
(KAT) [4], it can be used for specification and verification of different sys-
tems. Refer to work like [5, [6l [7, 8, 9] for examples.

Axiomatisation of various types of equivalence for regular expressions has
been studied for years. It is strongly related to the axiomatisation of some im-
portant theories based on regular expressions, for example, the extensions of
Kleene algebra, such as KAT [4], concurrent Kleene algebra [10] and guarded
KAT [11,12]. To “axiomatize” we mean to build a finite set of inference rules
(forming an inference system) for deriving equations that are semantically
correct (sound). When all semantically-correct equations are derivable, an
inference system is called complete. Salomaa [13] gave a complete inference
system for deriving equations of regular expressions under the semantics of
execution traces, where the behaviours of a regular expression are interpreted
as a set of traces of actions. Milner was the first to study the axiomatisation
of equations of regular expressions under the process semantics [14]. In this
semantics, the behaviour of a regular expression is interpreted as a set of
bisimilar charts, instead of execution traces. In [14], Milner built a sound
inference system Mil for regular expressions (there he called a regular expres-
sion a “star expression”). Mil is obtained from Solomaa’s inference system
by removing the critical left associative rule (lass): e3-(e;+es) = e3-e1+e3-€a,
which does not hold under the process semantics anymore. It was observed
that the completeness problem of Mil could be much harder, because the
Solomaa’s proof approach, which relies on (lass), cannot be applied.

Since [14], some partial solutions for the completeness of Mil have been
proposed. They consider various subsets of regular expressions together with
their adapted inference systems from Mil: [I5] proposed an axiomatisation
for a subset of regular expressions where there are no 0 and 1, but a binary
star operator e; * ey instead of e*. Its completeness was proved in [16]. [17]
built a complete inference system for regular expressions with 0 and 1, but
with the “terminal cycle” e“ rather than e*. e“ is semantically equivalent to
e* - 0 in regular expressions.

Recently, Grabmayer and Fokkink in [I8] axiomatized the so-called 1-free
reqular expressions, in which there are 0 and a binary star operator e; * ey
(denoted by e; ® ey in [18]) instead of e*, but no 1. The inference system tai-
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lored from Mil for 1-free regular expressions is denoted by BBP. To prove
the completeness of BBP, the authors developed a characterization graph,
called LEE/LLEE charts, for 1-free regular expressions. LEE/LLEE charts
captures a special form (expressed as “LEE/LLEE properties”) of equations
which always has a set of 1-free regular expressions derivable from BBP,
formally called “provable solution”. Moreover, in LEE/LLEE charts, deriv-
ing the equivalence of two provable solutions from BBP is always possible.
These capabilities are actually the critical part for the completeness proof of
BBP. Later in [19], LEE/LLEE charts were further extended and utilized
for proving the completeness of Mil for regular expressions.

In this paper, we study the images of a bisimulation function from an
LLEE chart. A bisimulation function f is a special bisimulation relation
that maps each node of an LLEE chart G to a (unique) node of a chart
‘H. The observation we present in this paper is that on f, one can obtain
the structure of an LEE chart on H from certain “minimal pre-images” of
sub-charts of H on G that we call well-structured looping-back charts. We
call this phenomenon image reflection. With this we can further prove that
f preserves the LLEE property of G, as the main result obtained in [I8].
As a direct application, we will show that a novel proof can be obtained
for the completeness of BBP, which is more direct compared to [18], in the
sense that our proof does not rely on the “connecting through-to” graph
transformations on LLEE charts (cf. [1§]).

To illustrate our main idea, consider a simple example as depicted in
Fig. . Let us focus on chart G (i.e. G/G) and its corresponding set of
two equations on its right side. To see this correspondence relation between
charts and equations, notice that nodes x and 2’ E] in chart G correspond to
expressions s(z) and s(z’) in the equations respectively, and each transition
from a node exactly corresponds to one term on the right side of the equation
the node corresponds to. For example, transition z — 2’ of G corresponds
to term a - s(2’) on the right side of equation s(x) = a- s(z’) +b- s(z’). s(x)
and s(x’) together are a provable solution of the equations, because the two
equations can be derived according to the inference system BBP (will be
given in Table . Chart G is an LLEE chart, which always has a provable
solution (here as expressions s(x) and s(z')).

!To distinguish node names from action names in the figures appearing in this paper,
we underline all the node names (e.g. X) in the figures.
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Figure 1: A simple example illustrating our idea

To prove the completeness of BBP, [18] adopts a so-called “minimization
strategy”, which will be introduced in Sect.[5 and where one critical step is to
minimize an LLEE chart under bisimularity, and to prove that the obtained
smallest chart bisimularly equivalent to this LLEE chart is still an LLEE
chart. (The smallest chart bisimularly equivalent to a chart is also called
the bistmulation collapse of this chart. In a bisimulation collapse, there are
no distinct bisimilar nodes. ) The approach taken in [18] is to divide the
minimization process of an LLEE chart into simplification steps. At each
step, a “connecting x; through-to z5” graph transformation is performed by
merging two carefully-selected bisimilar nodes x; and x5. Then it is sufficient
to prove that the resulting chart after each simplification step is still an LLEE
chart. For example, in Fig. [I} a simplification step can be taken by merging
nodes z and 2’ of chart G into node X of chart H (i.e. #/H). Chart H, with
its equation shown on the left side, is also an LLEE chart.

Our work concentrates on the bisimulation function 6 =4 {z — X, 2’ —
X} from G to ‘H. By considering well-structured looping-back charts as a
particular type of sub-structures in ‘H, we will directly prove that function 6
actually preserves the LLEE structure of chart G using the image-reflection
property, without performing the “connecting x; through-to x5” transforma-
tion.

In the following sections, we will gradually clarify the above idea as we in-
troduce our work in detail. In Sect. 2] we introduce the necessary background
knowledge needed to understand this work. Sect. [3| proposes the concepts of
looping-back charts and well-structuredness for LLEE charts, and provides
an analysis of their properties and relationship. In Sect. 4] we introduce the
image-reflection property on LLEE charts and prove the main result Theo-



rem 1.1 In Sect.[5 we show how image reflection can be utilized to prove the
completeness of BBP and obtain the same result as in [18]. Sect. @ concludes
this paper and discusses about some possible future work.

2. Preliminaries

In this section we introduce the necessary background related to this
topic. Some of the material is not directly used in our work, but is necessary
for understanding the minimization strategy proposed in Sect. 5] We tag this
material as “(*)”.

2.1. 1-Free Regular Ezxpressions and Charts

1-Free Regular Ezpressions. A 1-free regular expression e € RETp; . is
defined as follows in BNF form:

e=gal0|letele-elee,

where a € Act is called an action, ranged over by a,b, ¢,d. The expression
e ® e is the binary star operator, e; - €5 is sometimes abbreviated as e;e;. We
use = to represent the syntactic identity between two 1-free regular expres-
sions.

Chart. A chart is a 5-tuple G = (V, A v, —,+/), where V is a finite set of
nodes, usually ranged over by =, vy, z, X, Y, Z; A C Act is a finite set of actions;
v € V is the initial node; — : V x A x (V U{y/}) is a set of transitions;
\/ is a special node called termination. Each transition (X,a,Y) € — and
transition (X, a, /) € — are also written as X % Y and X = ,/ respectively,
where a € A. We also call X = / a terminal transition. A sequence of

e : . b
transitions is often written as: X; 2% Xy 2 .. %% X, = € (n > 0), where

¢isanode or /, X1 25 X, ..., X, LN ¢ are n transitions. In this paper, all
nodes in a chart are reachable from the initial node.

Sometimes we ignore symbol a and simply write a transition X = Y as
X =Y. We use X =Y to represent that nodes X and Y are the same one.
Use - to represent an arbitrary node, e.g., a transition X — -. The reflexive
and transitive closure of — is defined as: X —* Y if either (i) X =Y or (ii)
X — Z and Z —* Y for some Z. The transitive closure X —1 Y is defined
st. X - Z and Z —*Y for some Z. A path is a finite or infinite sequence
of transitions. We use X ;Z—> Y, X ;Z—>* Y or X ;Z_>+ Y to represent a



path where all intermediate nodes (not including X') are not Z. A loop is a
finite path of the form: X —* X, i.e., it starts from and returns to the same
node X.

Chart Interpretation (*). The chart interpretation of a 1-free regular expres-
sion e € REzp 4., 1s a chart

C(e) —df <V(6), A(e)> €, _>(6>7 \/>7

which is obtained by expanding e according to its operational semantics given
in Table [l e is the initial node. —(e) consists of all the transitions during
the expansion of e. V(e) is the finite set of expressions reachable from e
through transitions in —(e). A(e) is the set of actions appeared in e.

611)\/ 621>\/ €1i>\/ 61i>\/

a a a a a
a—+ e t+e— ete— e1-ex— e e1%es = e %ey

a a4 a4 a4
es = +/ er — €] ey — € e — €]

a a a a
e1®ey =/ e1tes— e e1+ ey — € e1- ey — € ey

a . ac

a a
e1P ey =€) (e1%er) e1®es — €l

Table 1: Operational semantics of 1-free regular expressions

2.2. Bisimulation Equivalence and Inference System BBP

Given two charts G = (V, Ay, v1, —1,+/) and H = (Va, As, 09, —9,4/), a
bisimulation relation R C V) x V, between the two charts is a binary relation
such that for any (X,Y’) € R, the following hold:

(1) if X % X', then there is some Y” such that Y = Y” and (X',Y") € R;
(2) if Y % Y’ then there is some X” such that X % X" and (X”,Y’) € %;
(3) X & iff vy & /.



We sometimes denote a bisimulation relation R C V; x V, between two
charts as: R : Vi — V5, and call Vi the domain and V5 the codomain of
relation R. Given R : V}; — V,, for any set A C Vj and B C V5, we define
R(A) =4 {X | X € Vo,Ty € A(y, X) € R}; and define RY(B) =4 {z |z €
V1,3Y € B.(x,Y) € R}. A bisimulation relation R : Vi — V4 is called a
bisimulation function if R is a function from V; to V5. We often use 6 to
represent a bisimulation function.

Given two charts G = (Vi, Ay, v, —1,+/) and H = (Va, Ag, v9, =2, /),
two nodes X € Vj and Y € V, are bisimilar, denoted by X ~ Y if there is
a bisimulation relation /8 C V; x V5 such that (X,Y) € R. Charts G and
H are said to be bisimilar, denoted by G ~ H, if there is a bisimulation
relation R C Vi x V, satisfying (vy,v9) € R. The bisimulation equivalence
e1 = e between two 1-free regular expressions e, es € RETp 4., is defined

it Cer) ~ Cles).

Inference System BBP (*). Inference system BBP for 1-free regular ex-
pressions modulo bisimulation equivalence = is given in Table 2 as a set of
rules on equations, where (A1) - (A9) are axioms, (R1) is an inference rule.
Since our work in this paper will not concern this inference system, we will
not explain the meaning of each rule. One can refer to [I8] for more de-
tails. It is pointed out in recent work [20] that (A9) can be derived using the
other rules in BBP. Here, however, for the sake of better understanding and
comparison, we just keep the inference system the same form as proposed
in [1§].

Given an equation e; = ey, we write Fgppe; = €5 to mean that e; = ey
can be derived by applying the rules in Table [2| in a finite number of steps.
Inference system BBP is sound, that is, Fggpe; = ey implies e; = ey for
any ey, ey € RErp; ... The completeness of BBP was first obtained as the
main result in [I8], which means that for every semantically-correct equation
€1 = €9 with €1,6s € RExp]-fTee? '_BBP €1 = €9.

Chart and 1-Free-Regular-Expression Equations (*). An evaluation s :V —
RExp, 4. defines a function that maps each node of V' to a 1-free regular
expression. Given an evaluation s, a chart G = ({Xi}icpn, 4, X1, =,V })
corresponds to a set of equations w.r.t. s:

n

s(G) =ar {S(Xi) = Zeij -s(X;) + Z fik} :

3=1 i€[1,n]



=

e1+ey=e; + e
(e1+e2) +e3=re1 + (e2 + e3)

et+e=c¢e

e
=~ W N

(e1+e3)-e3=e1-e3+ ez €3
(e1-e3)-e3=e1-(ea-e€3)
e+0=e
0-e=0
e1%ey = ey - (€1®62) + e
(e1%eq) - e3 = e1%(eq - €3)

e=¢e1-€e+ ey (Rl)

s e N N e e N N T
0 . . N
o g O Ot

— Y~ Y Y~ N

N
©

e=e;%ey

Table 2: Inference system BBP for 1-free regular expressions
where in each equation s(X;) = > 7 e;;-s(X;)+> (L, fir, the term e;;-s(X;)
(e;; € A) appears iff X; RN X, is a transition in —; the term f;; appears

ift X; ik, / is a transition in —. An evaluation s is a provable solution
(sometimes simply solution) of G, if each equation of s(G) can be derived
according to BBP in Table 2] denoted by pgp s(G). Call s(X;) the primary
solution of G.

2.3. Loop Charts, LEE Charts and LLEE Charts [18]

A loop chart A= (V,; A, X, —, /) is a chart with the initial node X called
the start node and satisfying the following three conditions:

(L1) There is an infinite path from X in A;

(L2) In A every infinite path from X returns to X after a finite number of
transitions;

(L3) /is not in A.

The transitions starting from X are called loop-entry transitions. Other
transitions are called body transitions. Call V' '\ {X} the body of A.



For example, in Fig. [T} chart  is a loop chart. Chart G with the start
node x is not a loop chart as it violates (L2).

In a chart G = (V, A,v,—,+/), given a X € V and the set E of loop-entry
transitions from X, a (X, E)-generated chart is a sub-chart C = (V;, A, X, —1,+/)
of G consisting of all the transitions each of which is on a path that starts
from a transition X — Y in E, and continues with other transitions of G un-

til reaching X again. Formally, = =4 EU{Y — Z | X ;—; X ;—;)* Y —

Z,(X—>X1)GE}U{Y—>\/|X¢—X>X1 Q*Y%\/,(X%Xl)eE},
Vi is the set of nodes appearing in —.

A (X, E)-generated chart of G is called a loop sub-chart of G if it is a loop
chart.

In Fig. , chart H, as the (X, {X & X, X LN X })-generated chart, is
a loop sub-chart of itself. Chart G, : ({2'}, {a,b},2’, {z' = 2'},+/), as the
(z', {2’ % 2'})-generated chart, is a loop sub-chart of G.

LEE Charts. An elimination of a loop chart A starting from X is a trans-
formation process (namely elim(A, X)) in which we first remove all of the
loop-entry transitions of A from X, and then remove all the nodes and tran-
sitions that become unreachable (after the first step).

Definition 2.1 (LEE Property). A chart G is said to satisfy the loop ex-
istence and elimination (LEE) property, if there ezists a transformation pro-
cess in which each loop sub-chart A of G (with X its start node) can be elim-
inated through the process elim(A, X), so that after the process, G results in
a chart without an infinite path.

A chart is called an LEFE chart if it satisfies the LEE property.

/

a a
1 Z
QL Q. .
allp™b allp |b aflb |b
. . transform « transform . °
T T 7 T 7 X
G/g g g/ g//

Figure 2: An example of elimination processes



Fig. 2 shows how the LEE chart G of Fig. [I] can be eliminated in two
steps: In the first step, the loop sub-chart G,  is eliminated through the
process elim(G,, 2'), in which we remove the loop-entry transition 2/ % 2.
After the first step the resulting chart G’ becomes a loop sub-chart of itself.
In the second step, G’ is eliminated through the process elim(G’, x), in which

we firstly remove two loop-entry transitions z - 2’ and z L , and then

remove node 2’ and transition ' < = that become unreachable. This leaves
the resulting chart G” having no infinite paths.

As illustrated in the example above, the process of loop elimination is
actually conducted in an inside-out manner, in the sense that a sub-chart A
of a chart G can only become a loop sub-chart after all the loop sub-charts
of A have been eliminated previously. This is an important intuition of our
method purposed in Sect. [4

For an elimination process on an LEE chart G, a function Q, called an LEFE
witness, is used to indicate the order of removing the loop-entry transitions
in G. G maps the transitions of G to a down-closed set of natural numbers,
we call order numbers. It maps a loop-entry transition X — Y to a number
n > 0, denoted by X —,; Y, if X — Y is removed at the nth step of the
process; and maps body transitions to 0, denoted by - —(g - or - —, . Write
an LEE chart G as G/G.

In chart G of Fig. [2 the tagged numbers on arrows indicate an LEE
witness g of the ehmmatlon process in Fig. |2l where g(x =N ') =g 1,

Gz S a') =42, G(x i ©') =42, G(a' KN x) =4 0.

LLEE Charts. The elimination process of an LEE chart is not necessarily
unique. If in an LEE chart there exists an elimination process elim of a loop
sub-chart in which no loop-entry transitions are removed from a node in
the body of a previously eliminated loop sub-chart, then say the LEE chart
satisfies the layered loop existence and elimination (LLEE) property. The
LEE chart is then called an LLEFE chart. A witness C; of an LLEE chart ¢
is thus called an LLEFE witness.

It is easy to see that chart G of Fig. [2|is also an LLEE chart.

Not all LEE witnesses are LLEE witnesses. Con81der1ng the chart 51 /&
in Fig. [3 I from its elimination process we see that & is an LEE witness.
However, it is not an LLEE witness, because when performing its elimination

at step 3, loop-entry transition X b—1>[3 Z is from the body of the loop sub-
chart <{Z X} {a17a2,(l3,a4,b1,d1,d2} Z {Z iQ_) X X Z} \/> of g/ after
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Figure 3: An example of a non-LLEE LEE witness

In an LLEE chart, a relation X ~Y is defined if there exists a path from
X to Y that begins with a loop-entry transition and continues through sub-
sequent body transitions without reaching X again. Or formally, X —

[m]
: ;,-é—X>* Y for some m > 0. The transitive closure X ~"Y is defined s.t. (i)
bo
XY, or (ii)) X T Z and Z~Y for some node Z.
The following property of ~ directly comes from the LLEE property.

Refer to [18] for more details.

Proposition 2.1. The relation ~" in an LLEE chart G is a well-founded,
strict partially-ordered relation.

Sovability of LLEE Charts (*). As stated in Sect. [l LLEE charts character-
ize regular expressions modulo bisimulation equivalence =, and furthermore,
they admit unique solutions up to BBP. We list the following results directly
obtained from [I8]. They form the foundation of minimization strategy in-
troduced in Sect. [

Proposition 2.2 (P1). Every LLEE chart G/G has a provable solution s.

Proposition 2.3 (P2). For every I-free regular expression e, there is an
LLEE chart G/G with an initial node X such that G has a provable solution
s with s(X) =4 e.

Proposition 2.4 (P3). For any provable solutions s; and sy of an LLEE
chart G, Fppps1(X) = s9(X) for any node X of G.
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Proposition 2.5 (P4). Given two charts G = (Vi,A1,v1,—1,1/), H =
(Va, Ag, 09, —9,+/) and a bisimulation function 0 : Vi — Vi, between them,
if s: Vo — RExp 4. 15 a provable solution of H, then so0 : Vi — RErp; 4.,
is a provable solution of G.

3. Looping-back Charts and Images

In this section, we introduce the looping-back charts and well-structuredness
for studying image reflection of bisimulation function further in Sect. [d In-
tuitively, a looping-back chart is a sub-LLEE-chart of an LLEE chart. The
well-structuredness is a special property followed by looping-back charts in
an LLEE chart, which play the central role of proving the completeness of
BBP later in Sect. [l

Sect. will introduce some basic notations used in the following sub-
sections. In Sect.[3.2], we will introduce looping-back charts, while in Sect. [3.3]
we will introduce the notion of looping-back-chart images and propose the
notion of well-structuredness.

3.1. Some Conventions of Notations

In the rest of the paper, for convenience, we use the conventions of nota-
tions stated as follows.

Given a chart G, we often use Vg, Ag, sg and —¢g to represent its com-
ponents. We usually ignore the initial state sg € Vg and simply understand
a chart (Vg, Ag, sg, —¢,+/) as a 4-tuple: (Vg, Ag, —¢,+/). This is because
in our work, we do not need to distinguish the initial nodes to relate to the
concepts like chart interpretation (Section and primary solution (Sec-
tion .

Given a set of nodes N C Vg of a chart G, Gg(IN) (or simply G(V)
when G is clear in the context) denotes the chart of a set N of nodes which
consists of all nodes of N and all transitions between these nodes. Formally,
Gg(N) =df <N,Ag,—>,\/>, where — = {X 5Y | X, Y e Nae Ag} G()
is often used as an abbreviation of a sub-chart by its set of nodes.

We define A; U Ay =gr Gg(Va, U Va,) as the chart of the union of the
nodes of A; and A,, provided that A; and A, are sub-charts of a chart G.
We write G Co H (resp. G CcH) if G is a sub-chart (resp. proper sub-chart)
of H, and write G =¢ H if charts G and H are identical.
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Given a bisimulation function 6 : Vg — V3 from chart G to H and a
sub-chart A of G, we use 0(.A) to represent the sub-chart G#(6(Vy)) of the
set 6(Vy) of nodes of H.

We usually use small letters like x, ¥, z, ... to represent nodes in a domain
Vg, while using capital letters like X, Y, Z, ... to express nodes in a co-domain
Vi, of a bisimulation relation R : Vg — V3 from G to H. And we use letters
with the same name and subscript, but different cases and superscripts to
express bisimilar nodes in these two graphs. For example, we can write nodes
o, 2", 2@, X, X', X", X which are all bisimilar to node z.

3.2. Looping-back Charts

Definition 3.1 (Looping-back Charts). The looping-back chart of an LLEE
chart G/G w.r.t. a node x, denoted by L., is a chart defined as L, =4

Go({z} U{y | x~Ty}) and such that L, contains at least one loop.
Call x the “start node” of L,.

Note that the stipulation that £, must contain at least one loop forbids
trivial charts of the form: ({z}, A, z,0,/) as looping-back charts, which
contain only one node x without any transitions.

A sub-chart B of a looping-back chart A is also called a looping-back sub-
chart if it is a looping-back chart. Call V., \ {z} the body of looping-back
chart £,.

For instance, in the LLEE chart & /& of Fig. , charts G({z',2'})./,
G{7",y}).rs G({z, 2", k,y}), and the whole chart (&), are looping-back
charts. Among them note that charts G({z’,2'})., and G({z",y}).» are also
loop sub-charts of &;.

The following properties about looping-back charts are straightforward
from LLEE charts.

Proposition 3.1. Given a looping-back chart Ax of an LLEFE chart Q/Q,
the following propositions hold:

(i) For any node Y € Va, \ {X} and the looping-back chart By (if there
is one), By Cc Ax;

(i1) For each transition Y — Z such that Y € Vi \ {X}, Z € V.

(111) For any node Y € V. \ {X} and any path of the form: ¥ — X; —
o= Xp—=V/,n>0and X; =X for some 0 <i<n.

13
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Figure 4: An example of looping-back-chart images

Intuitively, Prop. means that any node Y € V4, \ {X} does not
reach / before returning to X.

ProoF (Prop. [3.1). (i): By the transitivity of ~" indicated by Prop. [2.1]
for any Z such that Y AT Z, since XTY, X" Z. So Vi, C V..
By Def. B.1], By Cc Ax. If By =c Ay, since Y # X, Prop. 2. is violated.
Because we have both X ~"Y and Y ~* X. Hence By Cc Ay.

(ii): Assume a transition Y — Z with Y € V4, \{X}. Let X ~" K~ Y
for some node K. Then by the definition of relation ~ (Sect. , depending
on whether Y — Z is a loop-entry or a body transition, we have either
KnYnZo KnZ. SoX~"KntZ By Def.B1] Z € V.

(iil): By Def. [.1] for any node Y € V4, \ {X}, X A" Y. We proceed by
induction on relation ~7.

Base case: X Y. By the definition of ~ and the LEE property
(Sect. , Y is in the body of a sub-chart that is or will become a loop
sub-chart starting from X during the elimination process indicated by G. By
(L3), it has be the case that n > 0 and X; = X for some 0 < i <n.

Step case: There exists a node K such that X "t K ~Y. From K Y,
by inductive hypothesis, X; = K for some 0 < i < n. From X ~" K, by
inductive hypothesis, we have that the path (K = X;) —» X;;1 — ... —
X,, — +/ satisfies that n —i > 0 and X; = X for some i < j <n. Son >0
and X, = X for some 0 < j < n.

14
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3.3. Images and Well-structured Pre-images

Definition 3.2 (Looping-back-chart Images). Given a bisimulation func-

tion 0 : Vg/g — Vi from an LLEE chart Q/Q to a chart H, a sub-chart T

of H is called an “looping-back-chart image” (or simply “image”), if there

exists a looping-back chart L, in G such that T=c0(L,) = G»(0(V,,)). Call

I “the tmage of L,” for each such L., and call L, a “pre-image” of L.
Denote by Iy(H) the set of all looping-back-chart images on H (w.r.t. 6).

Call Vyiz,y \ {0(x)} the body of image 0(L,) w.r.t. a pre-image L,.

A looping-back-chart image can have more than one pre-image. Different
images can overlap each other in the sense that they share same nodes and
transitions.

For example, Fig. |4 shows the bisimulation function 6 : Vg e, = Ve

from an LLEE chart £ /& to a chart £. The nodes with the same letters
(e.g. z,2’ and X) are bisimilar to each other. In this example, there are
3 images on &: &, G({Z,X}) and G({Z,Y}). Among them image &
has both looping-back charts (&), and G({z, 2", k,y}). as its pre-images;
image G({Z, X}) has the pre-image G({z',2'}).; image G({Z,Y}) has the
pre-image G({z",y}).». Images G({Z, X}) and G({Z,Y}) are proper sub-
images of image &. G({Z, X}) and G({Z,Y}) are not sub-images of each
other but do overlap each other.

A bisimulation function is monotonic w.r.t. the sub-chart relation in the
following sense.

Proposition 3.2. A bisimulation function 6 : Voo = Vu satisfies that
Ay Co Ay implies 0( A1) Cc0(Az) for any sub-charts Ay and Ay of G.

PROOF. A; Cc Ay means Vy, € Vy,. So 0(Vy,) € 0(Vya,). By the definition
of G(-) in Sect. G(0(Vy4,)) Cc G(O(Vy,)). O

Below we propose a property for looping-back-charts, called well-structuredness.
It is the key to prove the image-reflection property (Theorem in Section .

Definition 3.3 (Well-structuredness). Given a bisimulation function 0 :
Voig = Va from an LLEFE chart G/G to a chart H, we say a looping-back

chart L, of Q/Q is “well-structured”, if it satisfies that for any L, Cc Ly,
6(L,) CcO(Ly).

15



Proposition 3.3 (Well-structuredness Property). Given a bisimulation
function 0 : V,g — Vi from an LLEE chart Q/Q to a chart H, for any im-
age I of Ig(’Hg, there always exists a well-structured looping-back chart L,
m Q/g as one of its pre-images.

ProoF. If a pre-image L, of 7 is not well structured, which means there ex-
ists a proper looping-back sub-chart £, of £, such that 0(L,) =c 0(L,) =c¢ Z,
then £, itself is a pre-image of Z. Since G is finite (thus C¢ between looping-
back charts is a well-founded relation), we can always obtain a well-structured
pre-image for Z. OJ

In Fig. [4] the looping-back chart (€,)., as a pre-image of image &, is not
well structured, since G({z, 2", k,y}). Cc(&2). but 0(G({z, 2", k,y}).) =c
E1=cb((&).). However, chart G({z,2" k,y}), is a well-structured pre-
image of image & w.r.t. 6.

Prop. guides us to consider the relation between a looping-back-chart
image and its well-structured pre-images as looping-back charts.

4. Image Reflection on LLEE Charts

In this section, we analyze bisimulation functions from LLEE charts. We
discuss the relation between the looping-back-chart images of a bisimulation
function and their well-structured pre-images as looping-back charts. The
main result is Theorem [4.1], stated as follows.

Theorem 4.1 (Image Reflection). For every bisimulation function
g : Vg/g — Vi from an LLEE chart G/G to a chart H, H is also an LEE
chart.

The proof of Theorem relies on Prop. and Lemma Below,
we first show the main idea behind our proof. Then we introduce and prove

Prop. and Lemma [4.1] Lastly, we prove Theorem

Definition 4.1 (LEE Sub-Chart). A sub-chart A of a chart G is called
an “LEFE sub-chart” if it is an LEE chart.

In a chart, by the definition of loop sub-chart (Sect. [2.3)), every loop sub-
chart is an LEE sub-chart. Note that a chart that is not LEE can have an
LEE sub-chart.
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Fix a chart H of an LLEE chart G through a bisimulation function 6 :
Vésg — Vu- The main idea of our proof is that through 6, the graphical
shape of each image of Zy(H) is constrained by one of its well-structured
pre-images so that it is in fact an LEE sub-chart of . By the sub-image
relation between images, we show that there exists a transformation process
through which each image of H will eventually become a loop sub-chart itself
and thus can be eliminated further. By eliminating all the images as LEE
sub-charts of H, we show that there would be no loops left in H because the
images of Zy(H) cover all the loops of H.

Considering the following example to illustrate our idea. Given the chart
& (Fig.[3} Fig.[), the set of its images is Zy (&) = {&1, G({Z, X }),G({Z, Y })}.
To prove that & is an LEE chart, we conduct the following two steps of rea-
soning in an inside-out manner w.r.t. the sub-image relation:

e Firstly, for the minimum image G({Z,Y}) =c 0(G({z",y}).), we see
that G({Z,Y}) is a loop sub-chart (so is an LEE sub-chart): As con-
strained by its well-structured pre-image G({z", y}).~, both loops Z %%

Z and Z 2 Y 2 Z pass through Z and each path in G({Z,Y}) from
Z stays in G({Z,Y'}) before returning to Z. So G({Z,Y}) can be elim-
inated in & through the transformation process elim(G({Z,Y}), Z).
Similarly, another minimum image G({Z, X'}) is also a loop sub-chart
of £, and can be eliminated through the process elim(G({Z, X }), Z).

e Secondly, consider the image £ which has images G({Z,Y}) and
G({Z,X}) as its two proper sub-images. After G({Z,Y}) and
G({Z,X}) are eliminated (in an order for example first G({Z,Y}) and
then G({Z, X'})), the remnant chart: chart &/’ of Fig. [, becomes a loop
sub-chart and thus can be eliminated. This is because its only loop
X% zu oy , constrained by the well-structured pre-image
G({z, 2", k,y})s, passes through X and each path from X stays in £/
before returning to X. Therefore, the image & is an LEE sub-chart
(of itself).

Since Zy(&;) covers all the loops of &, after eliminating £}, we obtain

the chart 51(3) of Fig. [3| where there is no loops. Therefore, according to
Definition the whole chart & is an LEE chart.

Following the main idea, below we give our formal proofs.

Prop. indicates a correspondence between the loops of an LLEE chart
G and the loops of its a chart H given a bisimulation function 6 : V g~ V.
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Proposition 4.1. Guwen a bisimulation function 0 : Vg,; — Vi from an
LLEFE chart G to a chart H and a loop A of H, from a node x of G such
that 6(z) is in A, there exists a path S reaching a loop D in G satisfying that
A=c0(SUcD)=c0(D).

PROOF. Assume loop A is of the form: X <% X; & .. 2% X, Ll X

(n > 0), with X =6(x). From z, by the bisimulation relation 6 between G

. n Qn
and 7, there is a path of the form: z &% 27 2 .. 2% z, 5 20 2

Lty k) Ay (R e ny g () Sl g (k1) 9 where X; = 6(3P) for
allk >1and 1 <i<n,and X=0(z®) for all k> 1. Since G is finite, we

can always find the node 2™ with the smallest m > 0 such that z(™ = z()

for some 1 < j < m. So from x there is a path S: « =% 7 = .. 2% 2, SAEN
A NN NAIC) reaching the loop D: zU) 2 .. Sotly p(m) =4, And
since V4 = 0(Vs U Vp) = 6(Vp), clearly A=¢0(SUcD)=c0(D). O

Lemma 4.1. Given the set of looping-back-chart images Zy(H) w.r.t. a
bisimulation function 6 : Vé/g — Vi from an LLEE chart G/G to a chart H,
the following conditions hold:

(1) For each loop C of H, there exists an image L of Ty(H) such that C CcZ;

(2) For each image 0(L,) of Zy(H) with a well-structured pre-image L, in
0(L,) each loop either passes through node 0(x) or is in a proper sub-
image of 0(L;).

(3) For each image 0(L,) of Ty(H) with a pre-image L, and a node U €
Voeoy \{0()}, U A /; And for any transition U — W, W € Vyz,).

Lemma states the coverage of the loops of H by Zy(H). Lemma
and describe the constrained relation between the shape of an image
and that of any of its well-structured pre-images. Lemma intuitively
means that each path starting from node 6(x) stays in 0(L,) before returning

to 6(z).

ProoOF (LEMMA {4.1)). (Proof of (1)). For each loop C of H, by Prop. 4.1
there is a loop D in G such that C =¢0(D). Since G is an LLEE chart, D
begins with a loop-entry transition in the form: z —, - =% z, m > 0.
By Def. 3.1, D is a sub-chart of the looping-back chart £,. By Prop. 3.2
C=c0(D)Ccb(Ls).
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(Proof of (2)). Let C be a loop of §(L,). By Prop. 4.1} starting from a
node y in £, such that 6(y) is in C, there is a path S reaching a loop D such
that C=c0(SUc D). If C does not pass 6(z), then chart SUcD does not
pass x, and y € V;, \{z}. By Prop. and (i), since y € V., \ {z}, loop
D stays in L, and is thus a sub-chart of £,. By that G is an LLEE chart, loop
D starts from a loop-entry transition & —,, - with m > 0. By Def. D
must be a sub-chart of the looping-back chart L. So D C¢ Ly, Cc L. Since
k #x, by Prop. [, Lx Cc Ly According to Prop. and that £, is
well structured, 6(Ly) CcO(L;). So C=c0(SUcD)=c0(D) (by Prop. 4.1))
Cc0(Ly) (by Prop. CcO(L;). In other words, C is in the proper sub-
image 0(Ly) of 8(L,).

(Proof of (3)). Let u be the node in £, such that 6(u) = U. Since
U#0(x),uzxz Souce Ve \{z} By Prop. (i), v 4 /. By that
u ~ U, we have U 4 /. For any transition U — W, by u ~ U, there
is a transition u — w, moreover, f(w) = W. By Prop. , we Ve,.
Therefore, W € Vyz,).

O
Now we give the proof of Theorem (4.1

ProoF (THEOREM [4.1)). By the definition of LEE chart (Definition [2.1)),
we show that there is an elimination process on ‘H by which H can be trans-
formed into a chart H’' without infinite paths. It is sufficient to prove that
each image of Zy(#H) is an LEE sub-chart of 4 by induction on the sub-
image relations between images. The elimination process on H can then be
naturally induced by this proof process.

Base case: Consider a minimum image Z of Zy(H) (in which there are no
proper sub-images). By Prop. , we can find a well-structured pre-image
L, such that Z=¢0(L,). We show that if 6(L,) has at least one loop, it is
a loop sub-chart of H (so is also an LEE sub-chart of #). (L1) is obvious
since 0(L,) has a loop. By Lemma (2) and that 6(£,) is a minimum
image, each loop in 6(£,) must pass through 6(r). By Lemma (3), each
path in 6(L,) starting from 6(r) cannot leave 0(L,) before returning to 6(r).
So, every infinite path in 0(L,) starting from 6(r) passes through 6(r). That
is, (L2) holds. (L3) is direct from Prop. satisfied by £, and the
bisimulation relation 6 itself.

Step case: Consider an arbitrary image Z of Zy(#H). By Prop. let
Z=¢0(Ls) for some well-structured pre-image L£;. We show that 6(L) is an
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LEE sub-chart. By the inductive hypothesis, every proper sub-image Z' of
0(Ls) is an LEE sub-chart. So there exists an elimination process elim to
eliminate each Z'. After eliminating all these sub-images, assume 0(L;) is
transformed into a chart (0(Ls))". By Lemma |4.1{ (2), all loops remaining in
(0(Ls))" must pass through 0(s). If (0(L)) still has at least one loop, then
similarly as in the base case above, we show that (6(L))" is a loop sub-chart:

(L1) is obvious because (#(L;))" has a loop. By Lemma 4.1| (3), each path
in 0(L;) cannot leave 6(L) before returning to 6(s). So after the eliminations,
each path in the remnant (6(L;))’ still cannot leave (6(Ls))" before returning
to 0(s). By this and the fact that all loops in (6(Ls))" pass through 6(s) as
obtained above, it is easy to see that (L2) holds. (L3) is direct from Prop. (3.1
satisfied by L, and the bisimulation relation 6 itself.

By that (6(Ls)) is a loop sub-chart, it then can be eliminated by an
elimination process elim. So the whole image 6(L) can be eliminated and is
thus an LEE sub-chart.

Conclusion: Since each image is an LEE sub-chart of H, as indicated in
the inductive reasoning above, we obtain a process that eliminates all images
in Zp(H) in an inside-out manner from the minimum sub-images according to
the sub-image relations. Let H’ be the chart H after the elimination process.
By Lemma (1), there exist no loops left in H'. So H' is a chart without
infinite paths. O

° |5
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Figure 5: An example of different image reflections by a same chart
In the above proof, for each image of Zy(H), only one well-structured
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pre-image is needed to guarantee that the image is an LEE sub-chart. The
hierarchy structure of images indicated by the sub-image relations between
them is the key to determine the LEE elimination process on H.

Now let us go back to the example in Fig. [l Chart H has its well-
structured pre-image G, and obviously reflects its LEE structure through 6.
In the example of Fig. 4l consider the chart £. By the elimination process
of its images we have discussed earlier at the beginning of this section, we
obtained its LEE witness &, as also shown on the left side in Fig. . In
this example, image & reflects the LEE structure of its well-structured pre-
image G({z, 2", k,y}),; images G({Z, X}) and G({Z,Y}) reflect the LEE
structures of their well-structured pre-images G({z',2'})., and G({z",y}).~
respectively.

In fact, from Theorem [4.1] a graph H is able to reflect the LEE structure
of some parts of any LLEE chart from which there is a bisimulation function
to H. This result is related to the fact that an LLEE chart can have multiple
LEE/LLEE witnesses.

Consider another example firstly proposed in [I8] as shown in Fig. [
Given two bisimulation functions 6y : Ve, e Ve, and 6, : Vg5 g5 Ve,
from LLEE charts & and &5 to their bisimulation collapse &3, & reflects
some parts of the LEE structures of both £, and &: £ with the left witness
&s reflects the LEE structure of the looping-back chart G({y, z,2'}), of &,

whereas £ with the right witness éfg/ reflects the LEE structure of the looping-
back chart G({z,2",y/,2®}), of &. In our method, the different witnesses

of 33 and Efg/ come from different structures of images on & through two
different bisimulation functions 6; and 6.

5. A Proof for the Completeness of BBP

As a direct application of the result in Sect.[d] this section gives a different
proof for the completeness of BBP, which, compared to the one given in [I§],
is more direct, in the sense that we do not rely on a series of transformation
steps but directly rely on the “image reflection” property of images using our
defined structures in Sect. Bl

In the following, we introduce the minimization strategy mentioned in
Sect. [1] as the “blueprint” of proving the completeness of BBP that was
firstly proposed in [I8]. Then we explain that how our result can provide an
alternative proof procedure to modify the minimization strategy.
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5.1. Minimization Strategy

The minimization strategy is based on Prop. - introduced in
Sect. [2 abbreviated as (P1) - (P4) respectively in the following discussion.
As illustrated in Fig. @, given two expressions e1,e3 € REzp; 4., to prove
e1 = es, the main idea can be explained as follows in two stages:

?

Fppp €1 = €2
(r2)| L2
(P3: Fpepel = 6) gel (P4) (P4) ge2 (P35 Feppes = 6)
N
H
(P1: e)

Figure 6: Minimization strategy

(I) To prove e; = es, by (P2), this means there are two LLEE charts,
namely G., and G.,, such that G., ~ G.,, and e; and e, are the primary
solutions of G., and G, respectively. Since G., ~ G.,, G., and G,
have the common bisimulation collapse H through two bisimulation
functions 0, : G., — H and 05 : G., — H respectively. Assume that H
is an LLEE chart. Then by (P1) H has a primary solution, let us say
e. By (P4), e is also a primary solution of G., and G.,. So by (P3),
e1 = e and es = e can both be derived. Therefore, e; = e; can be
derived simply by the symmetry and transitivity of equivalence =.

(IT) In (I), to show that #H is an LLEE chart, a graph transformation was
carried out from either G., or G, into H step by step. During each
step, the transformation merges two selected bisimular nodes in G, (or
G.,), while preserving that the graph after the merge is still an LLEE
chart.

We modify the minimization strategy by proposing a different stage (II°)
from (II):

(IT") In (I), to show that H is an LLEE chart, we firstly prove that # is an
LEE chart according to the bisimulation function #; (or 6s), making
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use of the image reflection on G, (or G.,) through 6; (or 6,); then we
show that each LEE chart is also an LLEE chart by selecting a suitable
LLEE witness.

5.2. Our Proof Procedure in Minimization Strategy

Provided with Theorem [4.1] to prove stage (II'), it is sufficient to show
that an LEE chart is also an LLEE one. We state it as the following propo-
sition.

Proposition 5.1. Each LEE chart is also an LLEE chart.

Prop. [5.1] has already been mentioned in [21] (see Remark 4.11 there), but
it has not been proved there since it was not used. Here, as it plays a role
in proving Theorem [4.1] we will give a proof. The key to prove Prop. as
also pointed out in [21I], is to show that an LEE witness can be transformed
into an LLEE witness in an LEE chart. ., .,

As an example, consider the LEE chart & /& with witness & in Fig,. ,
which is an LLEE witness. From the LEE witness &, we first turn the loop-

entry transition X b—1>[3] Z from the body of the (Z,{Z 33)[2] X })-generated
chart that violates the LLEE property into a body transition X b—1>[0] Z.

This causes loop X U 7 M K % X become a loop without loop-entry
transitions. Then we turn transition Z <% K into a loop-entry transition
Z —>[3} K. By this loop- entry—tran&twn switching process we transform &

into an LLEE witness 51 )
The formal proof is given below.

Proor (Prorp. 5.1 - Assume Q/Q is an LEE chart with G an LEE witness.
We obtain an LLEE witness G’ from G by induction on the LEE elimination
process according to G. In the following proof, without loss of generality,
assume that every loop-entry transition has a unique order number, starting
from the smallest number 1. We denote by D(X — Y) a loop starting from
transition X — Y. We simply use (X, E) to denote a (X, E)-generated chart
of G.

Base case: Consider the (Ry, {R; —pj -})-generated chart with Ry —p -
the smallest loop-entry transition. By LEE property, (Ri,{R1 —py -}) is a
loop sub-chart. For each loop-entry transition X — - from the body of
chart (Ry, {Ry —p) -}) with &£ > 1 (thus violating the LLEE property), we
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turn X —py - into a body transition: X — -. For each loop D(X — -)
that becomes a loop without loop-entry transitions because of the trans-
forming from X — - to X —g -, since X — - is from the body of
(Ri,{R1 —p -}), by that (Ry,{R; —py -}) is a loop sub-chart and (L2),
D(X —o -) must pass through R;. Let D(X — -) be the form of:
X = - =" By — Z; =" X. We then turn transition B, — Z; into a
loop-entry transition Ry — ) Z1. It is not hard to see that after the loop-
entry-transition-switching process described above for each X —) - with
k > 1, all transitions - —p - from the body of (Ry,{R; —p) -}) are body
transitions with £ =0 < 1.

Step case: Consider a (R, {R, —, -})-generated chart starting from a
loop-entry transition R, —, - with n > 1. By induction hypothesis, in any
(Ri,{Ry = -})-generated chart with [ < n, any transition - —, - from the
body of (R;, {R; —p -}) satisfies that u < I. For each loop-entry transition
X —p - from the body of (R,,{R, —, -}) satisfying k& > n, we turn
X — - into a body transition: X —g -. For each loop D(X — -) that
becomes a loop without loop-entry transitions because of the transforming
from X —p - to X —g -, we see that loop D(X —g -) must pass through
R,. Because by the LEE property, after eliminating all loop-entry transitions
with an order number [ < n, chart (R,, {R, —pn -}) becomes a loop sub-
chart, denoted by (R,,{R, —n -})’. Since X —p - is not from the body
of any chart (R;,{R; —p -}) with [ < n (by inductive hypothesis above),
loop D(X —q -) is still not eliminated in (R,,{R, —p -})’. So by (L2),
D(X —g -) passes through R,. Let D(X — -) be of the form: X —
- —=* R, — Z, =" X, then we turn the body transition R, — Z, into a
loop-entry transition R, —) Z,. After the loop-entry-transition-switching
process described above for each X —; -, we see that all transitions - — -
from the body of (R,,, {R, —p, -}) satisfy that k < n.

By the LLEE property, the witness G’ obtained after the transformations
above is the LLEE witness as required.

With this additional operation stated as Prop.[5.1] based on Theorem [4.1}
we obtain the same result as in stage (II) stated as follows.

Corollary 5.1 ([18]). For every bisimulation function 0 : Vg g — Vy from
an LLEFE chart Q/Q to a bisimulation collapse H, H is an LLEFE chart.
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6. Conclusion and Future Work

In this paper, we study a property called “image reflection” on a type
of characterization graphs — LLEE charts. By introducing well-structured
looping-back charts on LLEE charts, we show that the looping-back images
of a bisimulation function f : Vg — V} from an LLEE chart G to a chart ‘H
actually impose an LEE structure related to G. This leads us to a different
approach for proving the completeness of BBP, which is more direct in the
sense that we skip any graph transformations that rely on careful selections
of bisimilar-node pairs.

Previous work has extended LEE/LLEE charts to characterize regular
expressions modulo bisimulation equivalence by introducing a silent (without

doing any action) I-transition X Ly (cf. [22, 19]). The LEE/LLEE charts
with additional 1-transitions, called LEE/LLEE 1-charts, are defined the
same as shown in Sect. [2.3] With 1-transitions, a similar correspondence
between regular expressions and provable solutions of LLEE 1-charts can be
built, analog to Prop. and for LLEE charts. The connection of LLEE
1-charts to the completeness of Mil were fully explored in recent work [19].

The extension of looping-back charts and well-structuredness to the case
of LEE/LLEE 1-charts is natural. Because as indicated in our proofs (,
which was also observed in [23]), LEE/LLEE properties are irrelevant to the
transition types. The significance of the idea in our proof for the completeness
of BBP is that it can be tailored to simplify the graph transformations
proposed in [19], which are technically complex and difficult. To do this,
we need to investigate how to find a proper 1-chart H and a bisimulation
function 6 : Vg — V4 from an LLEE 1-chart G to H so that H satisfies the
“crystallization conditions” in [19]. Our future work will focus on this aspect.

Another possible usage of our work is for the completeness proofs of pro-
cess algebras that share similar structures with charts as their process se-
mantics. One example is skip-free star algebra [20], a process algebra more
general than 1-free regular expression. Its process semantics is described by
a more abstract model “M-systems”, which is extended from charts by gen-
eralizing the notion of transitions. The special class of M-systems needed
for proving the completeness of skip-free star algebra, called “well-layered
M-systems” | actually share the same shape with LLEE charts (, but pro-
vided with more structures on transitions). Combined with the irrelevance
of LEE/LLEE properties to the transition types, this evidence makes us be-
lieve that our method can also be tailored for proving the completeness of
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skip-free star algebra.
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